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Trying to present stellar structure in 45 minutes does not
make sense.

Therefore | shall not do that.

Rather, I'll briefly introduce some basic concepts to guide
you to afford the subject on your own, later.

But later you will also forget what | said.

Hence, I'll provide some integration material where you can
find the same stuff a little more expanded and explained.
This integration material is left to the organizers, so that it
can be uploaded on the site of the school and made

available,
When you read it again, for whatever doubt you may have
ontera o please contact me freely at mauriziombusso@gmail.com.

I'll try to clarify.
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NOTES ADDED
Notes 1 - Similar to the present ones but more extended.

Also some evolution & degeneracy
Notes 2 - More in a book-like form, from Onno Pols
Notes 3 - Something on stellar models and their integration

from R. Nelson.

Criteria for
Convection
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o Relevant time scales
@ Free fall

@ The K.-H. Time Scale
@ Time scale of nuclear fusion

e Polytropes
e Reaching equilibrium

0 Heat Transfer

@ Radiative Transfer
@ Convective Transfer

e Summary of Equations and Boundary Conditions
G Criteria for Convection
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Con8|der a mass element dM in a cloud of radius rp and a
velocity v = dr/dt. lts Potential Energy is:

GM(ry)dM
o

Free fall dU _ —

Energy is preserved under a conservative force like gravity.
Hence, if U;, Ur and K;, K; are the potential and Kinetic
energies at the beginning and at the end, respectively:

U + K = U + K

Consider “the end” to be the case in wich the cloud, after
collapsing, comes to a full stop at a radius r. Then:
GM(rg)dM 1 (dr) GM(ry)dM

ro +5dM\ & r
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Now let’s look for the free fall timescale, i.e. for the time
taken to reach a radius close to zero (rf ~ 0), through a
homologous unhampered fall. You easily get:

- dr 1 1\1"2
(&) = 2emo (3 - 7).
or.
0 0 SN2
Tﬁ—/ dt—/ [2GM(rU) (___)] or
o o r 'y

which, if pg Is the initial density, provides the result:

3. \1/2
e (32990) 1)

You can verify that, for a typical initial density of 3x103
particles/cm?, this gives a time scale of about 0.5 Myr.
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How long would the Sun remain active, if its main energy
source were gravitation?. We can say that:

The K.-H. Time
Scale

R

which is easily obtained by substltutlng for R(M) the relation
you get if the Sun is spherical:

dM ~ 47pR2dR

2
Q__G/ MdM SGM

From the virial theorem at equilibrium (U + 202 = 0; see
Integrations), up to half that energy can be radiated,
producing the solar luminosity L (4x 1033 erg/sec), hence:

3 GM?
At = 0 AL ~ 20Myr (2)

Feb, 9th, 2022 5/20
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As you know, Einstein’s equation for the equivalece of mass
and energy says that:

E = mc?

_ In the twenties of the XXth century, the mass of the He
Eoamam  nucleus was measured carefully, being 4,002602 a.m.u.
Sir Eddington then noticed that the fusion of four protons
would produce 4x1.007=4.028 a.m.u., i.e. a He mass, plus
an excess of about 0.007 times the He mass itself. This
Implies that, if the Sun burns about 10% of its mass, this
guarantees a duration of the process of:

~ AMc®  0.1Mg x0.007 * Mye * c2
L 4 x 1033

Since then, we know the Sun is powered by H burning into
He.

At ~ 10Gyr (3)

Feb, Oth, 2022  6/20
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The thermodynamic concept of "polytropic transformations”
(Chandrasekhar 1958) is a crucial one in physics. For a
stirred perfect gas, this concept is used when, in the stirring,
dQ = cdT, T being the temperature in K and ¢ a constant

(specific heat). If the energy is preserved, we know that the
equation of the adiabatic transformations holds:

Polytropes

P o p” (4)
where p is the density, P is the pressure and ~ is the
adiabatic exponent (= 5/3 for a perfect gas with 3 degrees
of freedom). More generally, we can show that in polytropes
a relation: ]

P o p° (5)
remains valid, even when § # ~. Forc = 0.6 = ~ the
process is adiabatic, for 6 = 1 it's isothermal.

Feb, Oth, 2022  7/20
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The polytropic exponent o, or the adiabatic one ~, are
defined for perfect gas transformations like:

Pop’;, Topl etc.. (6)

Differentiating them one has:

ar dp dP  dp dP  ~ dT J,
?—(1—1)?= j—e’p* F_’T—1 T (6)

Polytropes

This holds for a perfect gas.

What happens if the pressure is due also to radiation?

For an adiabatic transformation one can still derive similar
relations, but the exponents are no longer the same as ~ for
a pure gas. Relations like (6') have different exponents
(MF.72.M3....; Chandrasekhar, 1958; see page 19).

Feb, Oth, 2022  8/20
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For a nebula in a state of motion under its gravity, one has:

0%r  OP M(r)p
ot ar — G
At equilibrium,
dP M(r)
Y o _,0=-G 7
Reaching df ’!g p ( )
equilibrium For a spherical star,

1/3
dM = 4xprédr, r = (SM)

47 p

This can be written as a further equation (conservation of
spherical mass in Eulerian coordinates, using the radius r
as a variable):

(8)

Feb, Oth, 2022  9/20
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It can also be used together with pressure equilibrium to get:
dP GM
dM = " dnrd ®)

This is an inelegant, but quick, way to express pressure
equilibrium in Lagrangian coordinates.

Reaching Stellar models use this, with mass as a variable: mass

R varies less radically than radius, allowing easier integration
with better resolution.

In this simple exposition, however, we maintain the Eulerian
form.

We need now more equations linking the variables.

One of them is the Equation of State, where thermodynamic
variables are linked to microscopic properties, like the mean
mass of the particles,called mean molecular weight.

Feb, 9th, 2022 10/20
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In a fully ionized gas, let the mass fractions of H, He and
heavier nuclei be X, Y and Z. Let’'s count the number of
free particles. For hydrogen: ny = X/mgy; ne = X/my. For
helium: ngye = Y /4my; ne = Y /2my. For each heavy
nucleus: nz = X;/Aimuy; ne = XiZi/Aimy. Hence:

pXi Ny i Xi

Ny = mi = =
Reaching ? Af mey " P Af my

S Then we notice that, for heavy elements, (Z;/A;), o = 1/2
and 2 X;/A; << 1. Then:

B 3 [/ P

Now, as:

n— 7 1 (10)

imy M T 2X 1 3/4Y + Z)2

Feb, 9th, 2022 11/20
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Ina perfect gas we know that: PV = nRT (with R = 8.3144
Kg-m?.-sec2.K-'.mol~1). This can be rewritten as:

P = n(kgNs)T/V

where kg = 1.3810-2% J/K is the Boltzmann’s constant and
N, is the Avogadro’s number (6.023 1023). By multiplying up
and down by the mass M one gets:
NaM_ kg
v =" mn
where the mean mass of each particle, M/Ny is set to umpy.
Here ;. is the mean molecular weight just defined, and my is

the value of the a.m.u. (1.67 1027 Kg). This is the gas
pressure. Then:

P = nkg—2 oT (11)

Kerl | 1ar (12)

C= et = m,

Feb, Sth, 2022 12/20
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When energy is transported by the interaction of photons
with matter (photons being absorbed and re-emitted by
each stellar layer, with a very short mean free path) the
fraction of the flux dF, across a layer of depth dr will be
proportional to the flux itself F, ; the coefficient k, describes
the interaction between radiation and matter per unit

volume. Using the coefficient per unit mass k,, (k, = K, p):
d,:u — _,:ukupdr

Heat Transfer

Hence:
dF,

ar

And since dP, = dF,/c,
dPr  k,pL(r)
dr —  4xcr?

— —ku,-O,:u (13)

(14)

Feb, Sth, 2022 13/20
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If we express the pressure gradient with respect to the
temperature gradient, we obviously have:

- 4 dP; ~ 4a 3dT
P_§aT 7 ar 3T ar
and comparing this with the previuous relation, one gets:
aTl SkpL
dr ~ 16racT3r2 (15)

It is useful to derive also a logarithmic ratio with respect to
pressure (as we shall see shortly at page 18). As:

Heat Transfer

dP M
a2
this turns out to be (see the attached notes):
(dlogT) _ 3KLP (15')
dlogP ) ..y, 16macGMT#

Feb, Sth, 2022 14/20
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When the coefficient k,, becomes too large the heat is more
easily transported by convective motions.

Assuming a perfect gas, we know relations like ('6) are
valid. In particular:

dP o dI  dlogl o—1

P=5-1T diogP s (16)
When the gas is almost adiabatic, 6 ~ ~, and;
Heat Transfer
~ (dlogT oy =1 ,
Vo (dogp)ad_ v 1e)

Adiabaticity says this is the minimum gradient (zero
transport). Reality will be different.
In slide (18) we’'ll see how to decide which mechanism

transports energy.

Feb, 9th, 2022 15/20
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Summing up, we have equations for density equilibrium,
mass conservation, temperature gradient:

aP _4??@,02!’
dr 3
am 5
? — 4 I._.Or
dLogT dLogT

diogP ~ V™ diogP ¥
Plus, we have energy generation, let’s indicate it as a
function ¢(r) of the variables:

Then we have auxiliary, non-differential, equations:
e=¢€e(r, T,P,p, 1)

(17)

(18)

(19)

(20)

(21)

Feb, Sth, 2022
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;U*:;U’(r: Ttpﬂpzfu*) (22)
Ks

= T 23

" (23)

k., =K.,(r, T,P.,p.,p) (24)

From (17) to (24) we have 8 equations.
The boundary conditions must be known: 4 for the normal
equations; twice that for the differential equations.

Summary of - .

S Instead, for two critical functions (pressure and

Bound -

Conditions temperature) we know the surface conditions, but not the

central ones. Two parameters are “free ”.

And indeed, while a star evolves, its representative point can
move in the 2D H-R diagram, describing evolutionary tracks!
Stellar evolution has two main degrees of freedom.

Feb, Sth, 2022 17/20
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A way to establish what is the energy transport mechanism
Is to compare V to its equivalent in radiative conditions,
Va0 (157): the lower of the two Is the one established, for
the second principle of thermodynamics.

This criterion (the Schwarzschild’s criterion) is simple but it's

not very good.
We see this if we recall the expression (12) of pressure with

radiation.

This is the sum of two terms. Let’'s assume for the first one
the adiabatic law (3 deg. of freedom): P = Kp? = Kp®°/3.

lts equivalent for radiation derives from the relation

P =1/3U (U = energy density: see attached notes).

It can be shown in this way that P, = Kjp*/3.

Hence for the pressure we sum two polytropes with different
exponents. What's the outcome??

Feb, Sth, 2022 18/20
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When radiation is important y Iis variable and we know that
there are different polytropic exponents (slide 8). In

particular:
danP _  dinP T  dinT
dnp AT Sl S dinp — '3 =1 (3)

We can also define a gradient versus the molecular weight:

~dinT
- dinu
At the borders of convective zones one finds layers where

bubbles can move adiabatically, but heat is transported by
Criteria for radiation, when:

Convection

v

V.rad < Vad _|_ kV‘u (17)

These regions are called semiconvective and (17) is called
“Ledoux’s criterion”.
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THE END. THANKS FOR
ATTENTION!!

Criteria for
Convection
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