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Bending Equation and Methods of Solution

J'(x) = Mé;() [1 + (L/(X))z}

3/2

u(x) — deflected shape of the beam'’s neutral axis;
M(x) — internal bending moment;

E — Young's modulus of the material;

| — second moment of area.
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Bending Equation and Methods of Solution

009 = " (14 (0 (0)?)

3/2

u(x) — deflected shape of the beam'’s neutral axis;

M(x) — internal bending moment;

E — Young's modulus of the material;
@ | — second moment of area.

Euler—Bernoulli theory:

1+ (u’(x))2r/2 ~ 1,

which reduces the equation to the linear form

M(x) ~
/! ~ V7
()~ P o
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Second-Order Nonlinear Differential Equation

U (x) = flx, u(x), /' (x)), xe€]0,1],
kiu(0) + kot/ (0) = o,  kau(1) + ket/ (1) = 3,
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Second-Order Nonlinear Differential Equation

U (x) = flx, u(x), /' (x)), xe€]0,1],
kiu(0) + kot/ (0) = o,  kau(1) + ket/ (1) = 3,
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Second-Order Nonlinear Differential Equation

U (x) = flx, u(x), /' (x)), xe€]0,1],
kiu(0) + kot/ (0) = o,  kau(1) + ket/ (1) = 3,

FLL>0: |fxu,vi)— fixu, )| < Llug— uw|+ L' |vi — wal.
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Second-Order Nonlinear Differential Equation

U (x) = flx, u(x), /' (x)), xe€]0,1],
kiu(0) + kot/ (0) = o,  kau(1) + ket/ (1) = 3,

FLL>0: |fxu,vi)— fixu, )| < Llug— uw|+ L' |vi — wal.

o L+ L' <4
° L+L/<1
8 2 '
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Main Formulas

X— X1 1
UX: ul x:
g U)o i)+

x{ —x1) //f(su '(s)) dsdt — (x — X1/ /f(su ))dsdt}

X
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Main Formulas

u(x) = Xp:; u(x1)+;;_>21 (xp) + i)q X
x{ —Xl//f(su (s)) dsdt — (x—x1) / /f(su )dsdt}
s, u(s), u'(s)) = ”z::: flx u(x), ' (5)) (),
=
W
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Main Formulas

_ Xp— X X— X1 1
u(x) = _Xlu(><1)+xp_x1 (xp) + _Xlx
x{ —xl//f(su (s)) dsdt — (x—x1) / /f(su )dsdt}
p—1
f(57 u(s), ul(s)) ~ Z f(Xj’ U(Xj)7 ul(Xj)) Ej(s)v
j=2
s x
t(s) = o Xn;
m=2
m#j
Xp — X, Xj — X iy
i i 1
u(x;) ~ le s u(x1) +  x u(xp) + ; bij f(xj, u(x;), ' (x}))
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Main Formulas

Xp — X
u(x) = -2 u(x) +
p — X1 Xp — X1 p — X1

{ —Xl//f(su (s)) dsdt — (x— X1/ /f(su )dsdt}

—1

s, u(s), ' (s)) fo,, u(x), ' (x5)) £(9);

X

=2
s x
)= 11— Xm

m=2"J m

vy
X, X, X X Pt

(o) = SE— - ula) + X' - u(xp) + Z bij (x5, u(x;), v/ (x;))

p

1
bj = [ — X1 // t) dtdx — ( fxl// t) dt dx
Xp — X1 X1 J X1
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Main Formulas

Xp — X
u(x) = -2 u(x) +
p — X1 Xp — X1 p — X1

{ —Xl//f(su (s)) dsdt — (x— X1/ /f(su )dsdt}

—1

s, u(s), ' (s)) fo,, u(x), ' (x5)) £(9);

X

=2
s x
)= 11— Xm
m=2"J m
m#j
X, — X X;j — X Gy
P i i /
) ~ b’..f . ) )
) P ) + Xp)+Z i (5 u(x;), / (x7))
1
bj = [ — X1 / / t)dtdx — (x; — xq / / t) dt dx
X — X1 x1 Jx
bP+1 iyp+1—j — blj7 = a ceey %17 ./ - 2 . ‘E"C“wbk

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Main Formulas

U(x) = ! (u(xp)—u(x1) / / (s, u(s), U (s)) dsdt.

Xp — X1 b — X1
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Main Formulas

U(x) = ! (u(xp)—u(x1 / / (s, u(s), U (s)) dsdt.

Xp — X1 b — X1

replace f(s, u(s), t/(s)) with Lagrange polynomial.
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Main Formulas

U(x) = ! (u(xp)—u(x1 / / (s, u(s), U (s)) dsdt.

Xp — X1 b — X1

replace f(s, u(s), t/(s)) with Lagrange polynomial.

Cjj —/ / s) ds dt.
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Main Formulas

U(x) = ! (u(xp)—u(x1 / / (s, u(s), u'(s)) dsdt.

Xp — X1 b — X1

replace f(s, u(s), t/(s)) with Lagrange polynomial.

Cjj —/ / s) ds dt.

Cp+1—i,p+1—j = —Cjj, i:]-v"'aT7 ./:277p_1
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Main Formulas

U(x) = ! (u(xp)—u(x1 / / (s, u(s), U (s)) dsdt.

Xp — X1 b — X1

replace f(s, u(s), t/(s)) with Lagrange polynomial.

Cjj —/ / s) ds dt.

Cp+1—i,p+1—j = —Cjj, i:]-v"'aT7 J:27ap_1

p—1
/) = 2] S g ), () |

Xp—Xl Xp—Xl

mcm ok
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Classification of Grid Points

Figure: Sub-intervals
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Classification of Grid Points

0.5

=0.5

Figure: Central points: X¢sy1, t=1,2,...,2k—1.
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Classification of Grid Points

0.5

-0.5

Figure: Left boundary points: x;, j=2,3,...,s
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Classification of Grid Points

0.5

-0.5

Figure: Right boundary points: Xx;, J=02k—=1)s+2, ..., 2ks.
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Classification of Grid Points

Figure: Middle points.

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Equations for Central Nodes

1 1
Utst1 = SU(e-1)s+1 + 5 U(t+1)st1 +A, t=2,...,2k-2

2s
A= Z bsi1- L/(/t_l)sH.
j=2
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Equations for Central Nodes

1 1
Utst1 = SU(e-1)s+1 + 5 U(t+1)st1 +A, t=2,...,2k-2

2s
A= Z bsi1- L/(/t_l)sH.
j=2

L 2k k
T 2(kky — k1) 2(kka — ki)

Alzi(b 1'—714(2 Cl')'U/-/
= s+1,) 2(/(/(2 . kl) J J

“Uost1 + Al
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Equations for Central Nodes

1 1
Utst1 = SU(e-1)s+1 + 5 U(t+1)st1 +A, t=2,...,2k-2

2s
Ac=> b1 Ue1)ss
j=2

L 2k k
T 2(kky — k1) 2(kka — ki)

Azi(b -—Lc -)-u’-’
' T (kg — k) )

“Uost1 + Al

=2
1 n 2kks + k3 LA
Uog— = . _
(2k—1)s+1 2(kks + k3) 2(kka + k3) U(2k—2)s+1 T A2k-1
2s
kkq
Agk—1 = (b L+ 5@ ) U e
jg ST kka + kg) ) kst g
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Calculation of A;

u"(x)"% = f(x;,0,0).

2s
o _ kkq [0]
A2k—1 - Z (b5+1aj + 2(/(/(4 + k3)c25+1J> L//(Zk 2)s+j°
=2

m\ceik DGE
GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Node Located in the Center of Domain xys.1

A 2Ko—Fk . 2kks+ ks
" 2(kky — k)’ T 2(kkg + ks)
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Node Located in the Center of Domain xys.1

Ao 2kke — ko p._ 2kks + ks

" 2kky — ky)’ " 2(kky + k3)”
N
D

o = ,
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Node Located in the Center of Domain xys.1

A 2kky — kg B 2kky + k3
= kky —ha)’ T 2(kks + ks)’
N
o = B,

D =2(k—2)AB— (2k — 3)(A+ B) + 2(k— 1),
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Node Located in the Center of Domain xys.1

A 2kky — kg B 2kky + k3
= kky —ha)’ T 2(kks + ks)’
N
o = B,

D =2(k—2)AB— (2k — 3)(A+ B) + 2(k— 1),

(k—1)—B(k—2)) -1,

((k—1)— B(k—2)) - 2,

(k—2)-2(i—2)AB+ (1 — k) -2(i— 2)A

+(2—k)-2(i—1)B+ (k—1)-2(i—1), for3<i<k,

N; = (k—2)-2(2k—i—2)AB+ (1 — k) -2(2k—i—2)B
+(2—k-2Q2k—i—1A+ (k—1)-2(2k—i—1), for k<i<2k—3,

Ni= ((k—1)— A(k—2)) - (2k— i), for i=2k—2,2k— 1.

N,
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Node Located in the Center of Domain xys.1

2o 2k — ko 5. 2Kk + ks
= ko — k1)’ = 2kks + k3)
N;
Qj = 57

D =2(k—2)AB— (2k — 3)(A+ B) + 2(k— 1),

(k—1)—B(k—2)) -1,

((k—1)— B(k—2)) - 2,

(k—2)-2(i—2)AB+ (1 — k) -2(i— 2)A

+(2—k)-2(i—1)B+ (k—1)-2(i—1), for3<i<k,

N; = (k—2)-2(2k—i—2)AB+ (1 — k) -2(2k—i—2)B
+(2—k-2Q2k—i—1A+ (k—1)-2(2k—i—1), for k<i<2k—3,

Ni= ((k—1)— A(k—2)) - (2k— i), for i=2k—2,2k— 1.

N,

’ N 1 N 1 2k-1 :
n 1 — 2k—1 n—1]
Yt =D Dk — k) T D 2k 4 k)" Z oA -
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Recursive Formulas for Central Nodes

2St§k_17 Uts+1
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Recursive Formulas for Central Nodes

2<t<k—1, usu1
A
DA(t)’

ar(t)

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Recursive Formulas for Central Nodes

2<t<k—1, usu1
AG)

~A
a; (t) - bA(t)v

DAt) = (t—1)A—t,
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Recursive Formulas for Central Nodes

2<t<k—1, usu1
AG)

~A
a; (t) - bA(t)v

DAt) = (t—1)A—t,

N(t) = —1,
NJ(t) = =2,
NA(t) =2(i—2)A—2(i—1), fori=3,...,¢t.
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Recursive Formulas for Central Nodes

2<t<k—1, U1
AG)
DA(t)’

ar(t)

DAt) = (t—1)A—t,

N(8) = —1,

No(8) = —2,

NA(t) =2(i—2)A—2(i—1), fori=3,...,¢t.
.~

. ~1 Y4 N ; At) e
[l l(t)a+ LAORD JrX:N,(t)A[_ U t—k=1,...,2.

u = = e~ . =
©H T 2(kke — k1) DA(t)  2DA(r) D DA(t)

i=1
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Recursive Formulas for Central Nodes

2<t<k—1, usu1
AG)

~A
a; (t) - bA(t)v

DAt) = (t—1)A—t,

N(t) = —1,
NJ(t) = =2,
NA(t) =2(i—2)A—2(i—1), fori=3,...,¢t.

t o~

NA NA A
[n] -1 Np(t) | NE(E) N(t) Aln-1]
u = c= +—= . + = A5 t=k-1,...,2.
ST 2(kka — ki) DA() | 2DA(y) (st ;DA(t) ’
-1 1
B SN | I

StL T D(kky — k)
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Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1
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Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1
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Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1
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Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1

NB(t) =2(i—2)B—2(i—1), fori=3,... t
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Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1

NB(t) =2(i—2)B—2(i—1), fori=3,... t

NB NB t NB
[n] — 1 . Ny (t) Ne(t) ol N; (t) [n—1] o
Uok—tst1 = 2(kka + k3) BB(t) +253(t) Yiok—t—1)s+1 E 753(0 Ay t=k=1,...,2

i=1

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Recursive Formulas for Central Nodes

2<t< k-1, ugk_psy1

NB(t) =2(i—2)B—2(i—1), fori=3,... t

t

moo_ 1 NB®) . NE(H) g NE() oy,
Y@k T o(kke + ks) DE(r) | 2DB(r) Ve ;BB(r)A”‘“ et
[r] 1 [1] Aln—1]

Uk-1)s+1 = 2(kky + k3)5 + B i oyer1 T Azt
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Formulas for Non-Central Nodes

i=2,...,s

i k(x2s41 — xi) o (k(x,- Cx) - (X511 — Xi)k2k2) e

Tk — kky ki — kko 2s+1

(est1 — xi)Kka 11in—1].
+Z(b”+ =k M)

m\ceik DGE
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Formulas for Non-Central Nodes

i=2,...,s
i _ k(esi1 — xi) ] (X251 — xi) K ko nl
T W.a—&— k(x,—xl)—w CUpgis
(X2s+1 xi)K ka 11[n—1].
+Z(b”+ —kky M)
i=s+2,...,2s
§o (Xek—2)s+i = Xr—2)st1)k 8
(2k 2)5+: - ks + kka
(X(ek—2)s+i — X(2k—2)s+1) K Ka §o
+ ((X2ks+1 - X(2k—2)s+i)k+ ks + kka Uok—2)st1

X(2k—2)s+i — X(2k— 2)s+1)k2k4 [n—1] .
+ Z <b”’ " ks + kka “Cstg | U i ager
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Formulas for Non-Central Nodes

i=2,...,s
i _ k(esi1 — xi) ] (X251 — xi) K ko nl
T W.a—&— k(x,—xl)—w CUpgis
(X2s+1 xi)K ka 11[n—1].
+Z(b”+ —kky M)
i=s+2,...,2s
§o (Xek—2)s+i = Xr—2)st1)k 8
(2k 2)5+: - ks + kka
(X(ek—2)s+i — X(2k—2)s+1) K Ka §o
+ ((X2ks+1 - X(2k—2)s+i)k+ ks + kka Uok—2)st1

X(2k—2)s+i — X(2k— 2)s+1)k2k4 s [n—1] .
+ E <b,,J + o T kke CCQstLj | U (k—2)stjt
[n]

_ AL .
e ayess = k(Ko = Xenses) (s + K (Xemnstr = Xe0s1) - Uayer
2s
I R . o
i (t—1)s+j" G sccncorine
Jj=2
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Derivative Approximation

) M) A b s
[ i i - (1]
ul(t—l)s+i: k(”(t+1)s+1 = 1)s+1) kz Cij - u//(t 1)s+j!
=2
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Derivative Approximation

t=2,....2k—2, i=1,....25¢1
[ [ i . [n—1]
Ul(t—l)s-H = k(u(t+1)s+1 Ute— 1)s+1) kz Cij - ”"(t 1)s+j!
=2
i=2,...,s
sy _ K _ K
K kk2 —h T g — kg

kko [n—1]
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Derivative Approximation

t=2 ... 2k—2 i=1,...25+1
[ [ i = [n—1]
Ul(t—l)s+i: k(”(t+1)s+1 = 1)s+1) kz Cij - u//(t 1)s+jr
=2
i=2,...,s
sy _ K _ kk Al
di kk2 - k1 T kg — k2t

kka [r—1]

i=s+2,...,2s
gk g Ka
(2k=2)s+i — kkg _|_ ks kk4 + k3 (2k 2)s+1

(1)
- kz (C”’ Kka + ks +k C25+1’j> Vs g

jenceBRIDGE
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First Example

3/2

u'(x) = Mélx) (1+@e)?) ", xelo,1,
El
M) = cosh?(x)’
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First Example

3/2

W' (x) = Mélx) (1+@e)?) ", xelo,1,
El
M) = cosh?(x)’
w(0)=0,  wu(l)= e+2e_ _1

m\ceik DGE
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First Example

3/2

u'(x) = Mélx) (1+@e)?) ", xelo,1,
M(x) = coshEzI(x)'
u(0)=0, u(l)= e+2e_1 _1
kiu(0) + kat/(0) = «, ksu(1) + ket/ (1) = 3,
k=1, k=0 a=0 k=1, k=0, 5:e+2el—1.

m\ceik DGE
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First Example

k=1,

W (%) = Mélx) (1+ (u’(x))2)3/2, xe [0,1],
M(x) = coshEzI(x)
u(0)=0, u(l)= e+2e_1 _1
ku(0) + kot/ (0) =, ksu(1) + ket (1) = B,
o=0, a=0, k=1, k=0, 5:e+2el—1.

u(x) = cosh(x) — 1, ' (x) = sinh(x),

m\ceik DGE
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First Example

3/2

W' (x) = Mélx) (1+@e)?) ", xelo,1,
M(x) = coshEzI(x)'
u(0)=0, u(l)= e+2e_1 _1
kiu(0) + kat/(0) = «, ksu(1) + ket/ (1) = 3,
k=1, k=0, a=0, k=1, k=0, 5:e+2el—1.

u(x) = cosh(x) — 1, ' (x) = sinh(x),

k=5, 2s+1=9
After 24 iteration:

max |u; — u(x;)| = 7.49 x 1071°,

mcm ok
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First Example

3/2

M(X) 2
" o ’
u (X) - El (1 + (U (X)) ) ’ X € [07 1]7
El
cosh(x)
—1
u0)=0,  u(l)= e+2e ~1
kiu(0) + kat/(0) = «, ksu(1) + ket/ (1) = 3,
-1
k=1 k=0 a=0 k=1 k=0 = "1
u(x) = cosh(x) — 1, ' (x) = sinh(x),
k=5, 2s+1=9
After 24 iteration:
max |u; — u(x;)| = 7.49 x 1071°,
max |u} — u/(x;)| = 5.12 x 107, P e
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First Example

3/2

M(X) 2
" o ’
u (X) - El (1 + (U (X)) ) ’ X € [07 1]7
El
cosh(x)
—1
u0)=0,  u(l)= e+2e ~1
kiu(0) + kat/(0) = «, ksu(1) + ket/ (1) = 3,
-1
k=1 k=0 a=0 k=1 k=0 = "1
u(x) = cosh(x) — 1, ' (x) = sinh(x),
k=5, 2s+1=9
After 24 iteration:
max |u; — u(x;)| = 7.49 x 1071°,
max |u} — u/(x;)| = 5.12 x 107, P e

The total execution time 1.77 seconds.
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Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],

M(x) = El - cos x,
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Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],
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Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],

M(x) = El - cos x,

u(0) =1, /(1) = tan(1).

kiu(0) + kat/(0) = «, ksu(1l) + ket/ (1) = 3,
kk=1 k=0 a=1, ks=0, ko=1 p= tan(l).

m\ceik DGE
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Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],

M(x) = El - cos x,

u(0) =1, /(1) = tan(1).

kiu(0) + kat/(0) = «, ksu(1l) + ket/ (1) = 3,
kk=1 k=0 a=1, ks=0, ko=1 p= tan(l).

u(x) = —In(cos x) + 1, U (x) = tan x,
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Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],
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k=5, 2s+1=9
After 22 iteration:

max |u; — u(x;)] = 1.53 x 1078,

mcm ok
GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],

M(x) = El - cos x,

u(0) =1, /(1) = tan(1).

kiu(0) + kat/(0) = «, ksu(1l) + ket/ (1) = 3,
kk=1 k=0 a=1, ks=0, ko=1 p= tan(l).

u(x) = —In(cos x) + 1, U (x) = tan x,

k=5, 2s+1=9
After 22 iteration:

max |u; — u(x;)] = 1.53 x 1078,

max |u; — /(x;)] = 5.14 x 1078.

mcm ok
GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Second Example

U'(x) = ME(T) (1 + (u’()())2)3/27 x € [0,1],

M(x) = El - cos x,

u(0) =1, /(1) = tan(1).
kiu(0) + kat/(0) = «, ksu(1l) + ket/ (1) = 3,
kk=1 k=0 a=1, ks=0, ko=1 p= tan(l).

u(x) = —In(cos x) + 1, U (x) = tan x,

k=5, 2s+1=9
After 22 iteration:

max |u; — u(x;)] = 1.53 x 1078,

max |u; — /(x;)] = 5.14 x 1078.

;>
ScienceBRIDGE
The total execution time 1.81 seconds. o ‘
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