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Bending Equation and Methods of Solution

u′′(x) = M(x)
EI

[
1 +

(
u′(x)

)2]3/2

u(x) — deflected shape of the beam’s neutral axis;
M(x) — internal bending moment;
E — Young’s modulus of the material;
I — second moment of area.

Euler–Bernoulli theory:[
1 +

(
u′(x)

)2]3/2
≈ 1,

which reduces the equation to the linear form

u′′(x) ≈ M(x)
EI .
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Second-Order Nonlinear Differential Equation

u′′(x) = f
(
x, u(x), u′(x)

)
, x ∈ [0, 1],

k1u(0) + k2u′(0) = α, k3u(1) + k4u′(1) = β,

k2
1 + k2

3 > 0, k2
1 + k2

2 > 0, k2
3 + k2

4 > 0.

∃ L, L′ > 0 :
∣∣f(x, u1, v1) − f(x, u2, v2)

∣∣ ≤ L |u1 − u2| + L′ |v1 − v2|.

L + L′ < 4;
L
8 + L′

2 < 1.
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Main Formulas

u(x) = xp − x
xp − x1

u(x1) + x − x1
xp − x1

u(xp) + 1
xp − x1

×

×
[
(xp − x1)

∫ x

x1

∫ t

x1

f(s, u(s), u′(s)) ds dt − (x − x1)
∫ xp

x1

∫ t

x1

f(s, u(s), u′(s)) ds dt
]

.

f(s, u(s), u′(s)) ≈
p−1∑
j=2

f
(
xj, u(xj), u′(xj)

)
ℓj(s),

ℓj(s) =
p−1∏
m=2
m ̸=j

s − xm
xj − xm

.

u(xi) ≈ xp − xi
xp − x1

u(x1) + xi − x1
xp − x1

u(xp) +
p−1∑
j=2

bij f
(
xj, u(xj), u′(xj)

)
bij := 1

xp − x1

[
(xp − x1)

∫ xi

x1

∫ x

x1

ℓj(t) dt dx − (xi − x1)
∫ xp

x1

∫ x

x1

ℓj(t) dt dx
]

.

bp+1−i, p+1−j = bij, i = 2, . . . , p+1
2 , j = 2, . . . , p − 1,
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Main Formulas

u′(x) = 1
xp − x1

(
u(xp)−u(x1)

)
− 1

xp − x1

∫ xp

0

∫ t

x
f
(
s, u(s), u′(s)

)
ds dt.

replace f
(
s, u(s), u′(s)

)
with Lagrange polynomial.

cij :=
∫ xp

x1

∫ t

xi
ℓj(s) ds dt.

cp+1−i, p+1−j = −cij, i = 1, . . . , p+1
2 , j = 2, . . . , p − 1.

u′(xi) ≈ u(xp) − u(x1)
xp − x1

− 1
xp − x1

p−1∑
j=2

cij f
(
xj, u(xj), u′(xj)

)
.
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Classification of Grid Points

Figure: Sub-intervals
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Classification of Grid Points

Figure: Central points: xts+1, t = 1, 2, . . . , 2k − 1.
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Classification of Grid Points

Figure: Left boundary points: xj, j = 2, 3, . . . , s.
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Classification of Grid Points

Figure: Right boundary points: xj, j = (2k − 1)s + 2, . . . , 2ks.
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Classification of Grid Points

Figure: Middle points.
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Equations for Central Nodes

uts+1 = 1
2u(t−1)s+1 + 1

2u(t+1)s+1 + At, t = 2, . . . , 2k − 2

At =
2s∑

j=2
bs+1,j · u′′

(t−1)s+j.

us+1 = −1
2(kk2 − k1)α + 2kk2 − k1

2(kk2 − k1) · u2s+1 + A1

A1 =
2s∑

j=2

(
bs+1,j − kk2

2(kk2 − k1)c1,j

)
· u′′

j .

u(2k−1)s+1 = 1
2(kk4 + k3)β + 2kk4 + k3

2(kk4 + k3) · u(2k−2)s+1 + A2k−1

A2k−1 =
2s∑

j=2

(
bs+1,j + kk4

2(kk4 + k3)c2s+1,j

)
· u′′

(2k−2)s+j.
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Calculation of At

u′′(xj)[0] = f
(
xj, 0, 0

)
.

A[0]
1 =

2s∑
j=2

(
bs+1,j − kk2

2(kk2 − k1)c1,j

)
· u′′

j
[0];

A[0]
t =

2s∑
j=2

bs+1,j · u′′[0]
(t−1)s+j, t = 2, . . . , 2k − 2;

A[0]
2k−1 =

2s∑
j=2

(
bs+1,j + kk4

2(kk4 + k3)c2s+1,j

)
· u′′[0]

(2k−2)s+j.
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Node Located in the Center of Domain xks+1

A := 2kk2 − k1
2(kk2 − k1) , B := 2kk4 + k3

2(kk4 + k3) .

αi = Ni
D ,

D = 2(k − 2)AB − (2k − 3)(A + B) + 2(k − 1),

N1 =
(
(k − 1) − B(k − 2)

)
· 1,

N2 =
(
(k − 1) − B(k − 2)

)
· 2,

Ni = (k − 2) · 2(i − 2)AB + (1 − k) · 2(i − 2)A
+ (2 − k) · 2(i − 1)B + (k − 1) · 2(i − 1), for 3 ≤ i ≤ k,

Ni = (k − 2) · 2(2k − i − 2)AB + (1 − k) · 2(2k − i − 2)B
+ (2 − k) · 2(2k − i − 1)A + (k − 1) · 2(2k − i − 1), for k < i ≤ 2k − 3,

Ni =
(
(k − 1) − A(k − 2)

)
· (2k − i), for i = 2k − 2, 2k − 1.

u[n]
ks+1 = N1

D · −1
2(kk2 − k1)α + N2k−1

D · 1
2(kk4 + k3)β +

2k−1∑
i=1

Ni
D A[n−1]

i .

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Node Located in the Center of Domain xks+1

A := 2kk2 − k1
2(kk2 − k1) , B := 2kk4 + k3

2(kk4 + k3) .

αi = Ni
D ,

D = 2(k − 2)AB − (2k − 3)(A + B) + 2(k − 1),

N1 =
(
(k − 1) − B(k − 2)

)
· 1,

N2 =
(
(k − 1) − B(k − 2)

)
· 2,

Ni = (k − 2) · 2(i − 2)AB + (1 − k) · 2(i − 2)A
+ (2 − k) · 2(i − 1)B + (k − 1) · 2(i − 1), for 3 ≤ i ≤ k,

Ni = (k − 2) · 2(2k − i − 2)AB + (1 − k) · 2(2k − i − 2)B
+ (2 − k) · 2(2k − i − 1)A + (k − 1) · 2(2k − i − 1), for k < i ≤ 2k − 3,

Ni =
(
(k − 1) − A(k − 2)

)
· (2k − i), for i = 2k − 2, 2k − 1.

u[n]
ks+1 = N1

D · −1
2(kk2 − k1)α + N2k−1

D · 1
2(kk4 + k3)β +

2k−1∑
i=1

Ni
D A[n−1]

i .

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Node Located in the Center of Domain xks+1

A := 2kk2 − k1
2(kk2 − k1) , B := 2kk4 + k3

2(kk4 + k3) .

αi = Ni
D ,

D = 2(k − 2)AB − (2k − 3)(A + B) + 2(k − 1),

N1 =
(
(k − 1) − B(k − 2)

)
· 1,

N2 =
(
(k − 1) − B(k − 2)

)
· 2,

Ni = (k − 2) · 2(i − 2)AB + (1 − k) · 2(i − 2)A
+ (2 − k) · 2(i − 1)B + (k − 1) · 2(i − 1), for 3 ≤ i ≤ k,

Ni = (k − 2) · 2(2k − i − 2)AB + (1 − k) · 2(2k − i − 2)B
+ (2 − k) · 2(2k − i − 1)A + (k − 1) · 2(2k − i − 1), for k < i ≤ 2k − 3,

Ni =
(
(k − 1) − A(k − 2)

)
· (2k − i), for i = 2k − 2, 2k − 1.

u[n]
ks+1 = N1

D · −1
2(kk2 − k1)α + N2k−1

D · 1
2(kk4 + k3)β +

2k−1∑
i=1

Ni
D A[n−1]

i .

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Node Located in the Center of Domain xks+1

A := 2kk2 − k1
2(kk2 − k1) , B := 2kk4 + k3

2(kk4 + k3) .

αi = Ni
D ,

D = 2(k − 2)AB − (2k − 3)(A + B) + 2(k − 1),

N1 =
(
(k − 1) − B(k − 2)

)
· 1,

N2 =
(
(k − 1) − B(k − 2)

)
· 2,

Ni = (k − 2) · 2(i − 2)AB + (1 − k) · 2(i − 2)A
+ (2 − k) · 2(i − 1)B + (k − 1) · 2(i − 1), for 3 ≤ i ≤ k,

Ni = (k − 2) · 2(2k − i − 2)AB + (1 − k) · 2(2k − i − 2)B
+ (2 − k) · 2(2k − i − 1)A + (k − 1) · 2(2k − i − 1), for k < i ≤ 2k − 3,

Ni =
(
(k − 1) − A(k − 2)

)
· (2k − i), for i = 2k − 2, 2k − 1.

u[n]
ks+1 = N1

D · −1
2(kk2 − k1)α + N2k−1

D · 1
2(kk4 + k3)β +

2k−1∑
i=1

Ni
D A[n−1]

i .
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Recursive Formulas for Central Nodes
2 ≤ t ≤ k − 1, uts+1

α̃A
i (t) = ÑA

i (t)
D̃A(t)

,

D̃A(t) = (t − 1)A − t,

ÑA
1 (t) = −1,

ÑA
2 (t) = −2,

ÑA
i (t) = 2(i − 2)A − 2(i − 1), for i = 3, . . . , t.

u[n]
ts+1 = −1

2(kk2 − k1) · ÑA
1 (t)

D̃A(t)
α+ ÑA

t (t)
2D̃A(t)

·u[n]
(t+1)s+1+

t∑
i=1

ÑA
i (t)

D̃A(t)
A[n−1]

i , t = k−1, . . . , 2.

u[n]
s+1 = −1

2(kk2 − k1)α + A · u[n]
2s+1 + A[n−1]

1 .
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ÑA
i (t)

D̃A(t)
A[n−1]

i , t = k−1, . . . , 2.

u[n]
s+1 = −1

2(kk2 − k1)α + A · u[n]
2s+1 + A[n−1]

1 .

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Recursive Formulas for Central Nodes
2 ≤ t ≤ k − 1, uts+1

α̃A
i (t) = ÑA
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ÑA
i (t)

D̃A(t)
A[n−1]

i , t = k−1, . . . , 2.

u[n]
s+1 = −1

2(kk2 − k1)α + A · u[n]
2s+1 + A[n−1]

1 .

GGSB 2025 Nonlinear Second-Order Boundary Value Problem



Recursive Formulas for Central Nodes
2 ≤ t ≤ k − 1, uts+1

α̃A
i (t) = ÑA
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ÑA
1 (t) = −1,

ÑA
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Recursive Formulas for Central Nodes

2 ≤ t ≤ k − 1, u(2k−t)s+1

α̃B
i (t) =

ÑB
i (t)

D̃B(t)
.

D̃B(t) = (t − 1)B − t,

ÑB
1 (t) = −1,

ÑB
2 (t) = −2,

ÑB
i (t) = 2(i − 2)B − 2(i − 1), for i = 3, . . . , t.

u[n]
(2k−t)s+1 =

1
2(kk4 + k3)

·
ÑB

1 (t)
D̃B(t)

·β+
ÑB

t (t)
2D̃B(t)

·u[n]
(2k−t−1)s+1+

t∑
i=1

ÑB
i (t)

D̃B(t)
A[n−1]

2k−i , t = k−1, . . . , 2.

u[n]
(2k−1)s+1 = 1

2(kk4 + k3)β + B · u[n]
(2k−2)s+1 + A[n−1]

2k−1 .
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ÑB

1 (t)
D̃B(t)

·β+
ÑB

t (t)
2D̃B(t)

·u[n]
(2k−t−1)s+1+

t∑
i=1

ÑB
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Formulas for Non-Central Nodes
i = 2, . . . , s

u[n]
i =

k(x2s+1 − xi)
k1 − kk2

· α +
(

k(xi − x1) −
(x2s+1 − xi)k2k2

k1 − kk2

)
· u[n]

2s+1

+
2s∑

j=2

(
bi,j +

(x2s+1 − xi)k2k2

k1 − kk2
· c1,j

)
· u′′

j
[n−1];

i = s + 2, . . . , 2s

u[n]
(2k−2)s+i =

(x(2k−2)s+i − x(2k−2)s+1)k
k3 + kk4

· β

+

(
(x2ks+1 − x(2k−2)s+i)k +

(x(2k−2)s+i − x(2k−2)s+1)k2k4

k3 + kk4

)
· u[n]

(2k−2)s+1

+
2s∑

j=2

(
bi,j +

(x(2k−2)s+i − x(2k−2)s+1)k2k4

k3 + kk4
· c2s+1,j

)
· u′′ [n−1]

(2k−2)s+j;

u[n]
(t−1)s+i = k

(
x(t+1)s+1 − x(t−1)s+i

)
· u[n]

(t−1)s+1 + k
(

x(t−1)s+i − x(t−1)s+1
)

· u[n]
(t+1)s+1

+
2s∑

j=2

bi,j · u′′ [n−1]
(t−1)s+j.
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Derivative Approximation
t = 2, . . . , 2k − 2, i = 1, . . . , 2s + 1

u′ [n]
(t−1)s+i = k

(
u[n]

(t+1)s+1 − u[n]
(t−1)s+1

)
− k

2s∑
j=2

ci,j · u′′ [n−1]
(t−1)s+j;

i = 2, . . . , s

u′
i

[n] = k
kk2 − k1

· α − kk1
kk2 − k1

· u[n]
2s+1

− k
2s∑

j=2

(
ci,j − kk2

kk2 − k1
· c1,j

)
· u′′ [n−1]

j , ;

i = s + 2, . . . , 2s

u′ [n]
(2k−2)s+i = k

kk4 + k3
· β − kk3

kk4 + k3
· u[n]

(2k−2)s+1

− k
2s∑

j=2

(
ci,j − kk4

kk4 + k3
· c2s+1,j

)
· u′′ [n−1]

(2k−2)s+j.
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First Example

u′′(x) = M(x)
EI

(
1 +

(
u′(x)

)2)3/2
, x ∈ [0, 1],

M(x) = EI
cosh2(x)

.

u(0) = 0, u(1) = e + e−1

2 − 1.

k1u(0) + k2u′(0) = α, k3u(1) + k4u′(1) = β,

k1 = 1, k2 = 0, α = 0, k3 = 1, k4 = 0, β = e + e−1

2 − 1.

u(x) = cosh(x) − 1, u′(x) = sinh(x),
k = 5, 2s + 1 = 9
After 24 iteration:

max
i

|ui − u(xi)| = 7.49 × 10−16,
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