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Nuclear Reaction Rates

NACRE (1999)
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® Nuclear Reaction rates are largely

1/2
calculated from Na{ow) = Na u'(/f(/fl)nm /gEexp(_E/kBT)dE’
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® Resonance strengths --- for narrow
resonances
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® Nuclear cross sections --- for cross ot aClog 0
sections where resonance R
interference is important and the
cross section varies more slowly with
energy

Reaction Rate / NACRE Rate

® Well defined uncertainties?
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Reaction rate integrand
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® This distinction is in part
due to experimental
resolution

® Experimental nuclear
physics experiments are
always compromising
between count rate and
resolution

Experimental resolution
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Resolution due to target thickness

Thick target, 5o pg/cm?
Thin target, 0.035 pg/cm?2
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Uncertainty, uncertainty, uncertainty
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® Uncertainty in the data
® Systematic differences in overall scale of the cross section (usually target related)

® Difference in the energy dependance of the data



Uncertainty, uncertainty, uncertainty
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Nuclear models

phenomenological ¢ ) first principles

Tunable

parameters » » Fundamental
to match physics

experimental constraint

data




Nuclear models

phenomenological _ first principles

® Implements a few
fundamental physical
constraints

® Relies heavily on tuning
parameters to match
experimental data

® Implementation of accurate
fundamental nuclear theory to
calculate the cross section

® Very computationally
expensive

® Can only be done for light
nuclei



Example phenomenological models
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® Potential models

Different (simple) functional forms for the

potential are used

Often uses a Coulomb part plus Woods-
Saxon potential and a surface absorption

term

Reproduces many resonances and direct

part of the cross section directly from the

potential

Additional resonances may have to be
added ad hoc using individual Breit-

Wigner functions

If an absorption term is used, it doesn’t
conserve unitarity. Usually just fits one

reaction at a time.

Tunable parameters: potential strengths

(V,), radii (r;) and diffuseness (a;) and
possibly BR parameters as well
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R-matrix models

No specific potential is defined

Allows for maximum flexibility to
fit data

In the ideal case, all channels are
modeled data from each is fit and
unitarity is conserved

All resonances are added ad hoc

Resonance interference is
accurately modeled

Background terms need to be
included to model direct reaction
part

Each resonance has a tunable
energy (E), reduced width
amplitude (y;) and each channel has
a radius parameter (a,)

Sg; (keV b)
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® Effective field theory

Derived as an expansion of
momentum, where the
momentum is small compared to
the binding energies of the
interacting particles

Model accuracy (uncertainty) in
the calculation can be
estimated from the number of
terms used in the expansion

Fit parameters are the effective
range parameters (ERP). Some
of these ERPs, can be related to
fit parameters of other
theories, such as level energies
and asymptotic normalization
coefficients (ANCs)

Still under development



Why R-matrix?

Assumption: the data is correct

Maximum flexibility = can most accurately
reproduce experimental data SA MY

Maximum flexibility = easiest to mess up / most
influenced by incorrect data

Track record is pretty good

It's been used for a long time, a lot of the details
of the formalism have been derived and are
accessible in the literature

Computer codes are available and accessible



R-matrix theory

REVIEWS OF
MODERN PHYSICS

® Includes “fundamental” quantum mechanics

. . Vorume 30, Numser 2, Parc I ApriL, 1958
information

R-Matrix Theory of Nuclear Reactions

A, M. Lang, dlomic Energy Research Establishment, Horwell, Berkshire, England
AND

R. G. Tuomas,* Los Alamos Scientific Laboratory, Los Alamos, New Mexico

R-matrix bible



Classic boundary value
problem

Outside: two particle

The nucleus clusters that do not interact
except through the Coulomb
force

Atr.>a_
Inside: V= VCoulomb

Atr <a,




Cross sections ﬂ';}

Elements U, {}f“the collision
matrix U [ U depends on energy E,
but not on parameters a. or B..]

“External” interaction as
represented by the diag-
onal matrices L and @
with diagonal elements Z,
and .. [L and Q depend
on energy £ and param-
eters a., but not on param-
eters B.. ]

“Internal” interactions as
represented by the nondi-
agonal matrix R=(R,.).
[R depends on energy E
and parameters a@., B.. |

L&T flow chart to the problem

Set of states, labeled by A,
defined in terms of param-
eters a., B, and charac-
terized by energy eigen-
values E, and reduced
width amplitudes vy\..

This is the only
assumption about the
form of the potential in
the internal region



Probably what you did in classes, but with Coulomb
outside and an unknown potential inside

Wave functions of relative motion

® Solve the Schrédinger equation H.x= 6x,

assuming The wave function of relative motion has the form

® Point like particles, 3D X~ o Mhasr (70) (1Y P (Qa)), (2.5)

® Two particles in, two particles out
a  Il(l+1) 2M.

dr 2 ¥ o2 ik

Match internal and external wave functions and
their derivatives at the surface

® Probability conservation (unitarit
y ( y) TJ_,}I:? ALJX}LJ;H} H.X},Ji'lf:EhJXlJM'

® Angular momentum and parity [

(V&'SI—_ En):l'uugl[:fa) =0,
conservation

® Long-range Coulomb interaction

® Time-reversal invariance

No specific potential specified! = (h*/2M ﬂaﬂ)*f q.o,;ds,



dr dr h

Boundary condition
(dﬂh,/de rea= 0.

More Green’s theorem

ik w (7)1t Ia
Coray= 5 )
IMa'~ E,—E

The R-function

R=G(a,a)=2_ 7/ (Ex—E),

Connection with general reaction theory or the
collision matrix (U)

Green’s theorem, single channel

dty dity 2M G
(ﬁz—*—“ﬂlﬁ—) —!"T(El'—Eﬂf H}_ﬁﬂd?’zﬂ,
Te=g 0

Generalized to the multichannel case,
The R-matrix

Ryo= Z Thc"}’lc/‘(E?ﬁ"E)'
A

Connection to the collision matrix
U7= 0'0~1(1—RLY)1(1—R7Q) g~
All these other matrices besides R can
be calculated from special functions

Transition Matrix (T-matrix)

Ta’s"!’, £ E IJ = Eztmalpﬁa’&’l*, sl Uce"a’l". asEJ-
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The parameters of the R-matrix are what we are normally
varying as fit parameters to experimental data.

V).c Reduced width amplitudes

£, Pole energies

Remember ,. isthe level indexand C isthe channel index.

Also, V¢ can be positive or negative and its sign determines
the interference pattern between multiple resonances!

E, Exei

Lane and Thomas, Xll.5



® Often implemented using
perturbation theory

® Works in cases where the
electromagnetic part of the
interaction is small
compared to the hadronic
part

® Alternative approaches
include Reich-Moore and
relativistic wave functions

® Caninclude a direct capture
model

® External (potential) Capture
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the 70(y,n,)"°0 reaction. The parameters used in this

analysis, Tables III and IV, also describe the *0¢,»)%0

reaction. The interference minimum at 5.38 MeV is not
as deep as that given by the simple hard-sphere model.

Primary y-ray transitions

First used by Holt et al. (1978)
to fit 7O(n,y)**0 data

Used by Barker and Kajino
(1991) to fit 22C(at,y)**O

Used by Angulo and
Descouvemont (2001) to fit
*“N(p,7)*>0

Detailed description in deBoer
et al. (2017) by Carl Brune

Mathematic implementation
is rather cumbersome



The AZURE2 code: an R-matrix code for
nuclear astrophysics

Originally developed by R.E. Azuma under the Joint
Institute for Nuclear Astrophysics (JINA), published

2010 . |9 \/;‘;\‘
— ‘.HL/(I

J
JI NA JINACEE IReNA

AZURE2 developed by Ethan Uberseder, made
publically available in 2012

azure.nd.edu

Developed benchmark to increase the fidelity of
-matrix calculations in the community



Designed originally for
charged particle reactions
and for extrapolations to
low energy

® 22C(a,y)**0 was the
benchmark reaction

Radiative capture

Simultaneous multiple
exit and entrance channel
fits (AZURE2)

File | Configure Documentation
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What are AZURE2's main capabilities?
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What kind of reactions are applicable for
R-matrix?

® Usually Compound Nucleus

® Two step reactions (a+A = C* = b+B)
® No three body yet...

® Usually nucleon — nucleon reactions

® But can also be extended to capture (a+A = C* +v)

® Andeven (C*+[3 2 b+B)
® Usually low energy
® Low angular momentum dominates
® Usually low level density
® Practical limitations

® Useful when broad resonances are present in the cross section



Example, 22C+p
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® Skowronski et al. (2023) and Kettner et al. (2023)
® Afew well separated resolved resonances

® Well determined spin-parities (J7)
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Example: 2C(a,y)**0 extrapolation to

low energy
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S factor (MeV b)

Several y-decay channels
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® When we fit multiple data sets
simultaneously it helps us
understand systematic
uncertainties

® Do we have the energy scale
calculated correctly (shared
excitation energy)?

® Do we have the cross section scale
correct (unitarity)?

® Of course, the price is that it is a
lot more work to fit all of this data
together

Uncertainty, uncertainty, uncertainty
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Uncertainty, uncertainty, uncertainty

ORIGINAL RESEARCH article

Front. Phys. , 12 June 2022 This article is part of the Research Topic
Sec. Nuclear Physics Uncertainty Quantification in Nuclear Physics

Volume 10 - 2022 | hitps://doi.org/10.3389/fphy.2022.888476 View all 16 articles >

BRICK

The Bayesian R-matrix Inference Code Kit
(BRICK) mediates between the R-matrix code
AZUREZ2 and the MCMC sampling software
emcee, in order to facilitate uncertainty

quantification in R-matrix calculations. gannnans s o
D. Odell, R. J. deBoer, C. k. Brune, D. R. Phillips ' /\A A 1

Performing Bayesian Analyses With AZURE2 Using BRICK: An
Application to the 7Be System

Daniel Odell'* Carl R. Brune* Daniel R. Phillips* Richard James deBoer? Som Nath Paneru**

sics, Ohio University, Athens, OH, United States
ame, Notre Dame, IN. United States
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Improving uncertainty estimation
for R-matrix fits

The Bayesian R-matrix Inference Code Kit

® Bayesian methods provide a
y P BRICK
(BRICK) mediates between the R-matrix code

way to improve and gain
more detailed information
AZURE2 and the MCMC sampling software

o See de Souza et al_ (2020) for emcee, in order to facilitate uncertainty
. . quantification in R-matrix calculations.
an application to 3H(d,n)4He

D. Odell, R. J. deBoer, C. R. Brune, D. R. Phillips
BRICK tutorial

® Computationally intensive,

but probably doable P A RKIMN

ORIGINAL RESEARCH article Bayesian Analysis of Nuclear Dynamics
h - . i it '_““' N -
Danlel Odell at Ohlo u:-m‘r-—elt-euzzTh:::..'.-'dow.:-'q:‘J.U.5589.'I:h-f2-'_122.86-3‘1/6 View all 16 articles >
UﬂIVEI.’SIty haS de_VE|OPEd the Performing Bayesian Analyses With AZURE2 Using BRICK: An
Bayesian R-matrix Inference Application to the Be System

COd e Kit (B R I C K) fo r U Se Wit h Daniel Odell'* Carl R. Brune' Daniel R. Phillips* Richard James deBoer? Som Nath Paneru'®
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Parameter Distribution
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Parameter Posterior median = C.1
Ex(17,0) 803885 (+4.4 x 107%, —4.6 x 107%)
C,(17,0) 4.92 % 1073 (+6.5 x 107*, =5.6 x 107%)
I (1,0 2040 (4220, =220)
Cp(2F,0) 0.47 (+0.17, —0.10)
C, (2, 0) — 1440 (+400, —450)
E(2H, 1) 8218552 (494 x 107, =9.5 x 1077)
r.25. 1) 219 (+17, —16)
r.2+ .10 —1925 (+75, =175)
Eex(37,0) 8.28021 (+2.0 x 1074, —2.1 x 107%)
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r,3-.o —3250 (+130, —130)
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TTwg 6.26 x 10717 (42.9 % 10115, —3.0 x 10%'%)
ESwgr 243 x 1073 (+3.8 x 107, —4.1 x 107%)
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FIG. 7. Covariance matrix for the R-matrix fit parameters.



What's there left to do? A |lot!
Parameter transformations

PHYSICAL REVIEW C 66, 044611 (2002)

Alternative parametrization of R-matrix theory

C. R. Brune
Edwards Accelerator Laboratdyy, Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701
(Receved 15 July 2002: published 24 October 2002)

An alternative parametrization of R-matrix theory is presented which is mathematically equivalent to the
standard approach, but possesses features that sumplify the fitting of experimental data. In . . . . . .
no level shifts and no boundary-condition constants which allow the positions and partial w Deﬁmte COmPIEte invariant pal'amEtl'lzaUOll Of R-matrlx thEOI',V
number of levels to be easily fixed in an analysis. These alternative parameters can be cc
R-matrix parameters by a straightforward matrix diagonalization procedure. In additio Pablo Ducru

express the collision matrix directly in terms of the alternative parameters. Massachusetts Institute of Technology, Department of Nuclear Science & Engineering,

Center for Computational Science & Engineering, MIT Energy Initiative,

77 Massachusetts Avenue, Cambridge, Massachusetts 02139, USA
R-matrix theory with level-dependent boundary condition parameters

Vladimir Sobes’
Tae-Sun Park partment of Nuclear Engineering, University of Tennessee,
Center for Exotic Nuclear Studies, Institute for Basic Science, Daejeon 34126, Korea 53 Nf}’!aﬁ-d Drive, Knoxville, Tennessee 37996-2300, USA

M (Received 16 October 2020; revised 18 October 2021 accepted 30 November 2021; published 13 December 2021)

I present a new formalism of the R-matrix theory where the formal parameters for the resonance energies and
widths are identical to the observed values. By allowing the boundary condition parameters to vary from level
to level, the freedom required to adjust the formal parameters for the pole positions to the observed values is
obtained. The basis of the resulting theory becomes nonorthogonal, and 1 describe the procedure to construct
a consistent R-matrix theory with such a nonorthogonal basis. And by adjusting the normalization of the states
that form the basis, the formal parameters for the reduced decay widths also become the same as those observed,
leaving no formal parameters that are different from the observed ones. A demonstration of the developed theory
to the elastic '2C +p scattering data is presented.



Secondary y-ray decays from the partial-wave T matrix with an R-matrix
application to *N(p, a;y) 1*C

Carl R. Brune
Edwards Accelerator Laboratory, Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701, USA

R. James deBoer'
The Joint Institute for Nuclear Astrophysics, Department of Physics, University of Notre Dame, Notre Dame, Indiana 46556, USA

M (Received 8 April 2020; accepted 13 August 2020; published 31 August 2020)

The secondary y rays emitted following a nuclear reaction are often relatively straightforward to detect
experimentally. Despite the large volume of such data, a practical formalism for describing these y rays in
terms of partial-wave 7-matrix elements has never been given. The partial-wave formalism is applicable when
R-matrix methods are used to describe the reaction in question. This paper supplies the needed framework, and
it is demonstrated by the application to the *N(p, a;y) 2C reaction.

DOI: 10.1103/PhysRevC.102.024628

A natural extension would be to secondary y-rays
following primary y-ray decay

What's there left to do?
Secondary y-rays following particle emission
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What's there left to do?
Polarization cross sections

Analyzing power measurement for the “N(p, )50 reaction at astrophysically relevant energies

S. O. Nelson,'” M. W. Ahmed.'” B. A. Perdue.'” K. Sabourov, * A. L. Sabourov, > A. P. Tonchev,'” R. M. Prior,””
M. Spral(er,3'2 and H. R. Weller"?
lDepm'fmem of Physics, Duke University, Durham, North Carolina 27708, USA
Zf}*iangfe Universities Nuclear Laboratory, Duke Station, Durham, North Carolina 27708, USA
Department of Physics, North Georgia College and State University, Dahlonega, Georgia 30597, USA
(Received 18 August 2003; published 18 December 2003)

The “N(p. ¥)'°0 reaction has been investigated by measuring the angular distributions of its cross section
and analyzing power using a 270-keV polarized proton beam. Calculations using a direct-capture-plus-
resonance model were compared with the data. The results indicate the presence of 7y transition amplitudes
which were not considered in previous extrapolations of the astrophysical S factor to low energies. The impact
on the zero-energy S factor of the MN(p, y)130O reaction is discussed.

DOI: 10.1103/PhysRevC.68.065804 PACS number(s): 26.20.+f

Polarization cross sections give more unique constraints on the actual spin-angular
momentum channels that are contributing to the cross section

Lots of (underutilized) data already in the literature
Polarization measurements are challenging
General implementation of the mathematics is also very challenging



Nuclear Data Evaluation

ENDEF /B-VIIL.O: The 8" Major Release of the Nuclear Reaction Data Library
with CIELO-project Cross Sections, New Standards and Thermal Scattering Data

D. A.Brown,! M. B. Chadwick,? * R. Capote,3 A.C.Kahler,? A. Trkov,® M. W.Herman,' A. A. Sonzogni._1 Y. Danon,?
A.D. Carlson,” M. Dunn,’ D.L. Smith,” G. M. Hale,2 G. Arbanas,® R. Arcilla,! C.R. Bates,? B.Beck,” B. Becker,!”
F.Brown.? R. J. Casperscm,g J.Conlin,2 D.E. Cullen.,” M.-A. Descalle,” R. Firestone,!! T. Gaines,'? K. H. Guber.®
A.I Hawari,!* J. Holmes,** T.D. Johnson,! T.Kawano.? B. C. Kiedrowski,'® A.J. Koning,? S. Kopecky,¢ L. Leal,!”

J.P.Lestone.? C.Lubitz,'® J.1. Marquez Damian.'® C. M. Mattoon.? E. A. McCutchan.,! S. Mughabgh&b,l
P. Navratil,?° D. Neudecker,? G.P. A. Nobre,! G. Noguere,?! M. Paris,> M. T. Pigni,® A.J. Plompen,'® B. Pritychenko,!
V. G. Pr011yaev,22 D. Rmfbtscw,23 D.Rochman,?* P. Romano,” P. Schilleheeckx,16 S. Simakov,2® M. Sin,26

1. Sirakov.%” B. Sleaford.” V. Sobes,8 E.S. Soukhovitskii,?® 1. Stetcu,? P. Talou,2 L T110111p5011,g S. van der Marck.?” L.

Welser-Sherrill,? D. Wiarda,® M. White,? J. L. Wormald,'*® R. Q. Wright,® M. Zerkle,'* G. Zerovnik,'® and Y. Zhu'?

n-p Scattering at 14.1 MeV
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Final comments

® The phenomenological R-matrix method is a
powerful tool for nuclear data evaluation and
extracting reaction rates and their
uncertainties from cross section data

® Only as good as the input data, both cross
sections and knowledge of the nuclear level
structure

® Its flexibility makes it very popular for the
fitting of a wide variety of experimental
data

® However, its flexibility can also make
uncertainties more difficult to quantify

® Lots of work being done in this area recently

® There’s a lot that can still be done and
improved on

® Many reactions to look at or improve on

® Many types of data yet to be fully utilized
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