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QCD: elegant Lagrangian, ...

LQCD = q

(
i
ˆ/D − m̂

)
q − 1

4
G 2

Oleksii Ivanystkyi Thermodynamics of QCD with quarks and multi-quark clusters



QCD: ..., sophisticated nonperturbative dynamics

This is just a three quark bound state, e.g. nucleon
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Cluster decomposition in two-loop approximation

φ =

diquarks

+

mesons

+

baryons

+ ...

G. Baym, L.P. Kadanoff, Phys. Rev. 124, 287 (1961); G. Baym, Phys. Rev. 127, 1391 (1962)

Two-loop self energies & Dyson-Schwinger propagators

Πn =
δφ

δSn
, (Sn)

−1 = (S free
n )−1 − Πn, n = 1, 2, 3, ...

quarks: Π1 = + + + ...

Dyson-Schwinger problem requires solving all Sn simultaneously

Mean-field approximation for quark propagators

The Dyson-Schwinger problem reduces to a subsequent solving Sn using Sm<n
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Context: density functional theory

(Dirac)Brueckner-Hartree-Fock T-, G-matrix based theories

⇕

Density functional theory

Many body problems

Quantum chemistry

Skyrme-type models for nuclear physics

String Flip model for quark matter

...
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Why? False quark dominance in hybrid quark-hadron EoS

Hadronic EoS consistent with astro (DDf4) + NJL model

⇓

False quark onset already @ T ≃ 60 MeV

Hadron decays are energetically favorable

Mq ≃ 330MeV
Mω = 783MeV
Mρ = 775MeV

⇒
Mmeson > 2Mq

quarks are too light
to be confined

Effective quark “confinement” is needed
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Confining density functional @ Nf = 2

L = q(i /∂ −m)q − U , U = D0

[
(1 + α)⟨qq⟩20 − (qq)2 − (qi τ⃗ γ5q)

2
]κ

O.Ivanytskyi, D. Blaschke, PRD 105, 114042 (2022)

Parameters

D0 - coupling, controls interaction strength

α - dimensionless constant, controls vacuum quark mass

⟨qq⟩0 - χ-condensate in vacuum (introduced for the sake of convenience)

κ = 1/3 κ = 1
⇓ ⇓

motivated by String Flip model, USFM ∝ ⟨q+q⟩2/3 Nambu–Jona-Lasinio

ΣSFM = ∂USFM

∂⟨q+q⟩ ∝ ⟨q+q⟩−1/3 ∝ separation model

C.J.Horowitz, E.J. Moniz, J. W. Negele, PRD 31, 1689 (1985)
G. Röpke, D. Blaschke, H. Schultz, PRD 34, 3499 (1986)

Dimensionality

[U ] = energy4

[qq] = energy3 ⇒ [D0]κ=1/3 = energy2 = [string tension]

self energy = string tension× separation ⇒ confinement
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Expansion around mean-field solution @ Nf = 2

U = UMF︸︷︷︸
0th order

+ (qq − ⟨qq⟩) ΣS︸ ︷︷ ︸
1st order

− GS (qq − ⟨qq⟩)2 − GPS (qi τ⃗ γ5q)
2︸ ︷︷ ︸

2nd order

+ . . .

Mean-field scalar self-energy

ΣS =
∂UMF

∂⟨qq⟩

Effective medium dependent couplings

GS = −1

2

∂2UMF

∂⟨qq⟩2
, GPS = −1

6

∂2UMF

∂⟨qi τ⃗ γ5q⟩2
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Comparison to NJL model @ Nf = 2

L = q(i /∂ − (m +ΣS)︸ ︷︷ ︸
effective mass m∗

)q + GS(qq)
2 + GPS (qi τ⃗ γ5q)

2 + · · ·+ LV + LD

Similarities:

- current-current interaction
- (pseudo)scalar, vector, diquark, ... channels

Differences:

- high m∗ at low T , µ ⇒ “confinement”

⟨qq⟩ = ⟨qq⟩0 ⇒ m∗ = m − 2G0

3α2/3⟨qq⟩1/30

⇓

m∗ → ∞ at α → 0

- medium dependent couplings:

low T , µ, ⇒ GS ̸= GPS ⇒ χ-broken
high T , µ, ⇒ GS = GPS ⇒ χ-symmetric

T = 0
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Modeling neutron stars with quark cores @ Nf = 2

	GW	170817
	Abbott	et	al.,

NICER	J0030+0451
	Raaijmakers	et	al.,

NICER	J0740+6620
								Miller	et	al.,

NICER	J0740+6620
								Riley	et	al.,

				J0348+0432
Antoniadis	et	al.,

GW	170817	excluded
									Annala	et	al.,

GW	170817	excluded
						Bauswein	et	al.,

NICER	J0030+0451
								Miller	et	al.,

M
	[M

⊙
]

0

0.5

1

1.5

2

2.5

R	[km]

8 10 12 14 16

DD2npY-T
(0.180,	0.505)
(0.220,	0.530)
(0.235,	0.540)
(0.265,	0.555)

GW170817

DD2npY-T	
(0.180,	0.505)
(0.220,	0.530)
(0.235,	0.540)
(0.265,	0.555)

Λ

10

100

1000

104

M	[M⊙]

0 0.5 1 1.5 2 2.5

O.Ivanytskyi, D. Blaschke, PRD 105, 114042 (2022)

Agreement with the observational constraints

on mass-radius relation and tidal deformability of neutron stars
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Confining density functional with Polyakov loop @ Nf = 3

L = q(i /∂ + g /A− m̂)q − Uχ − UΦ, m̂ = diag(mu,md ,ms)

Aµ - homogeneous static gluon field in the Polyakov gauge

Density functional

Uχ = D0

[
(1 + α)⟨Ô⟩0 − Ô

]1/3
, Ô =

1

2

∑
a=0,8

[
(qτaq)

2 + (qiγ5τaq)
2
]

D. Blaschke, O. Ivanytskyi, M. Shahrbaf, 2202.05061 [nucl-th]

Polyakov loop potential

Φ =
1

Nc
Trc exp(iβA0), MH = 1− 6Φ̄Φ + 4

(
Φ3 + Φ̄3

)
− 3

(
Φ̄Φ
)2

UΦ

T 4
= −1

2
aΦ̄Φ + b logMH +

1

2
c
(
Φ3 + Φ̄3

)
+ d

(
Φ̄Φ
)2

T -dependence of a, b, c , d is fitted to the pure SU(3) gauge lattice data

P. M. Lo, B. Friman, O. Kaczmarek, K. Redlich, C. Sasaki, Phys. Rev. D 88, 074502 (2013)
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Expansion around mean-field solution @ Nf = 3

Uχ = UMF
χ︸︷︷︸

0th order

+ qΣ̂q − ⟨qΣ̂q⟩︸ ︷︷ ︸
1st order

−
∑
f ,f ′

(
f f − ⟨f f ⟩

)
Gff ′

S

(
f ′f ′ − ⟨f ′f ′⟩

)
− GPS

∑
f

(
f iγ5f

)2
︸ ︷︷ ︸

2nd order

+ . . .

Mean-field scalar self-energy

Σ̂ = diag(Σu,Σd ,Σs), Σf =
∂UMF

χ

∂⟨f f ⟩

Effective medium dependent couplings

Gff ′

S = −1

2

∂2UMF
χ

∂⟨f f ⟩∂⟨f ′f ⟩

GPS = −1

2

∂2UMF
χ

∂⟨f iγ5f ⟩2
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RDF setup

Fitting vacuum phenomenology
Mπ = 140 MeV
Fπ = 93 MeV
MK = 494 MeV
FK = 112 MeV
Tc = 156.5 MeV

⇒

mu = md = 4.4 MeV
ms = 134.8 MeV
Λ = 636.1 MeV√
D0 = 729.6 MeV

α = 1.44

Effective masses and Polyakov loop
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Generalized Beth-Uhlenbeck approach

Large size clusters as correlations of the smaller size ones ⇒ propagators

polarization
loops

:

diquark meson baryon

Phase shift of multiquark clusters

Sn = |Sn|e iδn ⇒ δn = ℑ lnSn

Generalized Beth-Uhlenbeck formula

Ωn =
dn
κn

ˆ
dk

(2π)3

ˆ
dω

π
(trD)

2−κn ln(βκnS−1
n ) sin2 δn

∂δn
∂ω

κn = 1 - fermions, κn = 2 - bosons
G. Röpke, N.U. Bastian, D. Blaschke, T. Klähn, S. Typel, H. Wolter, NPA 897 (2013)
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Phase shifts of multiquark states

Microscopic calculations for pions
K. Maslov, D. Blaschke, PRD 107, 094010 (2023)

1 discontinuous jump at the on-shell energy below the
dissociation temperature

2 continuous growth at small energies above the
dissociation temperature

3 continuous fall above the decay threshold
4 vanishing at high energies (Levonson’s theorem)

M. Wellner, Am. J. Phys. 32, 787–789 (1964)

Parametric model of δ = δ(T,ω)
D. Blaschke, M. Cierniak, O. Ivanytskyi, G. Röpke, arxiv:2308.07950 [nucl-th]

1 parametric expression reproduces all the properties
of the microscopic calculations

2 T-dependence of the hadron masses & widths agree
with the microscopic calculations

3 requires hadron decay threshold given by quark
masses Mu,d,s

MTh
h = Nu

hMu + Nd
hMd + Ns

hMs
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Beth-Uhlenbeck vs Hadron resonance gas

Step-up (SU)
1 is generated by the pole of Sn>1

2 corresponds to a bound multiquark state
3 is present only below the dissociation temperature
4 generates a HRG-like term in Ω

Step-down (SUSD)
1 rough account of the decay threshold
2 partially/totally compensates HRG-like term in Ω

Continuum (SUC)
1 corresponds to a scattering multiquark state
2 partially compensates HRG-like term in Ω

SU
SUSD
SUC

δ

ω

µB/T	=	0
SU
SUSD
SUC
Borsányi	et	al.,
PRL	(2021)
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Mass-spectrum

Mn>1 = Mvacuum
n>1 + A(T − Tc)θ(T − Tc)

Γn>1 = Bθ(T − Tc)

Tc = 156.6 MeV, A,B - fitted to lQCD

Low T (χ-broken matter)
1 heavy quarks
2 stable multiquark clusters
3 constant mass of multiquark states
4 zero width of multiquark states

High T (χ-symmetric matter)
1 light quarks
2 unstable multiquark clusters
3 growing mass of multiquark states
4 growing width of multiquark states
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Thermodynamic potential

Ω = Ωquarks + Uχ − ⟨qΣ̂q⟩+ Uϕ +Ωhadrons +Ωcolored clusters︸ ︷︷ ︸
multiquark clustersQuarks

Non-perturbative states at low momenta k < Λ

Ωk<Λ
quarks = − 1

βV
Tr ln(βS−1

quarks)

Squarks - quark propagator @ mean-field

Perturbative states at high momenta k > Λ

Ωk>Λ
quarks =

1

2βV

J.I. Kapusta, Finite Temperature Field Theory, Cambridge (1989)

Hadrons - 62 meson, 60+60 baryon-antibaryon states with M < 2.6 GeV

Colored multiquark states - diquarks, tetraquarks, pentaquarks coupled to Φ

Mvacuum =
∑
f

Mvacuum
f Nf − B

(∑
f

Nf − 1

)

B is defined by fitting this expression to the hadron masses
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Entropy density

s = − ∂Ω

∂T

Low T
1 hadron dominance

High T
1 quark-gluon dominance
2 negative perturbative contribution

Colored multiquark states
(µB = 0 only)

1 suppressed by the Polyakov loop at high T
2 suppressed by high mass at high T

colored	clusters

tota
l

perturbative
		correction

gluons

quar
ks

hadron
s

Borsányi	et	al.,	PRL	(2021)
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Chiral condensate

⟨f f ⟩ = − ∂Ω

∂mf
= 2Nc

ˆ
dk

(2π)3
Mf

Ef
(f +f + f −f − 1)︸ ︷︷ ︸

quarks

+
∑
n>1

dnσ
f
n

mf

ˆ
dk

(2π)3

ˆ
dω

π

Mn

ω
(f +n + f −n ) sin2 δn

∂δn
∂ω︸ ︷︷ ︸

multiquark clusters

σ-factor
1 σf

π, σ
f
K – defined from the GMOR relations

2 other multiquark clusters

σf
n = mf

∂Mn
∂mf

= mfN
f
n

J. Jankowski, D. Blaschke, M. Spalinski, PRD 87, 10 (2013)

Scaled chiral condensate

∆ =
ms⟨l l⟩ −ml⟨ss⟩
ms⟨l l⟩0 −ml⟨ss⟩0

Almost constant quark term below Tc

Hadrons are necessary to reproduce
the lQCD data
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Composition

2q
+4

q
+5

q

g

Δ

Λ

N

K

π q

s/
s t

o
t
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Sharp switching between partonic & hadronic degrees of freedom
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Conclusions

A unified EoS of strongly interacting matter based on a cluster
decomposition approach

Agreement with the lattice QCD data on entropy density and chiral
condensate

(see arxiv:2308.07950 [nucl-th] for baryon density and stay tuned for more)

Sudden switching between partonic and hadronic degrees of freedom
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Speculation

1. Sharp switching between hadrons and partons

2. Absence of colored mediators of interaction below Tc

⇓

Narrow range of the freeze-out temperatures for all hadrons?
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